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A survey of recent results on the continuous and homeomorphic extension to the boundary of homeomorphisms

with finite distortion between domains on Riemannian manifolds in the Orlicz-Sobolev classes Wl:)c‘p under a condition

of the Calderon type for the function ¢ and, in particular, in the Sobolev classes le)cp under p>n—1 is given in the

paper.
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1. Introduction. We give here a survey of our
results from the recent paper [1] where we proved
many theorems on the continuous and homeomorphic
extension to the boundary of the so-called lower Q -
homeomorphisms between domains on Riemannian
manifolds. On this basis, we also formulated the
corresponding consequences for homeomorphisms
with finite distortion in the Orlicz-Sobolev classes

w?

loc under a condition of the Calderon type for the

function ¢ and, in particular, in the Sobolev classes

Wl]os for p>n—1. The latter is the main content of

the present survey.
Recall some definitions concerning the theory of
manifolds (see, e.g., [2]-[5]). An n-dimensional

topological manifold M" is a Hausdorff topological
space with countable basis in which every point has an

open neighborhood that is homeomorphic to R" . By a
map on the manifold M" , we call a pair (U,#), where
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U is an open subset of the space M", and ¢ is the
homeomorphic mapping of the subset U onto an open

subset of the coordinate space R" . This mapping puts
every point p € U in the bijective correspondence to a

collection of n numbers, which are its /local
coordinates. A smooth manifold is a manifold with
maps (U,.4,) whose local coordinates are connected

one to another in a smooth (C*) manner.

By the Riemannian manifold (M",g), we call a

smooth manifold together with a Riemannian metric
given on it, i.e., with a positive definite symmetric
tensor field g=g;;(x) given in coordinate maps with

the transformation rule
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e () At
g_gl_](x)_gkl(y(x)) 8Xi 6XJ .

In what follows, we assume that the tensor field
gij(x) is also smooth. 4 length element on M",g)is
differential  form

given by the invariant

n . .
> gjdx'dx!, where g; is the
i1

ds? = gij(x)dxidxj =

metric tensor, and x! are the local coordinates. The
geodesic distance d(py,p;) is defined as the infimum

of lengths of piecewise smooth curves connecting the
points p; and p, in (M",g) (see [3, p. 94]). We also
recall that a volume element on (M",g) is determined
by the invariant form dv = /det gijdxl...dxn (see, e.g.,
[5]). We note that detg; >0 by virtue of the positive
definiteness of 8ij (see, e.g., [6]).

Let D be a domain on the Riemannian manifold

(M",g), n>2. Given a convex increasing function

¢:[0,00) > [0,0), $#(0)=0, the symbol ¢ denotes
the Orlicz space of all functions f:D— R such that

j ¢(@J dv(x) <o forsome A>0.
D

By the Orlicz-Sobolev class Wllo’f(D) , we call the

class of all locally integrable functions f given in D
with the first generalized derivatives (in local
coordinates) whose gradient Vf belongs locally in the

domain Dto the Orlicz space I?. We note that

Wllof CWlloij by definition. As usual, we write
FeWEP if g(t)=tP, p2>1.

If fis a locally integrable vector-function of n
real variables Xxi,...x,, f=(f,...f,), § erlolc,

i=1,...,m, and, on any compact set Cc D

_[ ¢[®] dv(x) <o,
C

for some A >0 where

[VE(x)| =

we also write f € Wll(;f.

We use also the notation Wll(;f in the case of the

mappings f:D — D« between domains D and D« on

Riemannian manifolds with different dimensions and
for functions ¢ which are more general than those in
the Orlicz classes, where the convexity of the function
¢ was always a priori assumed. Note that the Orlicz-

Sobolev classes are intensively studied at present in
various aspects (see, e.g., references in [7]-[9]).
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2. FMO functions. Let (M",g) be a Riemannian
manifold, n>2. Similarly to [10], cf. also [11]-[13],

we say that a function ¢:M" - R has finite mean

oscillation at a xg€ M",  denoted

¢ < FMO(xy) , if

point

—_— 1
sh—% v(B(x0.¢))

[ 18(x)=d 1dv(x)<

B(xg,¢)
VXq € M",
where ¢, =——— J #(x) dv(x) is the mean
B(xg,& B(x £)
0>

value of the function ¢(x) over the geodesic ball

B(xg,¢) with respect to the measure v.

Proposition 2.1. If for some collection of numbers,
d. R, £€(0,59),

v 1
lim ————— X)—¢, | dv(x)<oo
gir}) V(B(XO,E))B(X{’,;) |¢( ) v V( )

then ¢ € FMO(xy) .

Corollary 2.1. In particular, if

Tim ! [ 18(x)1dv(x)<e

lim ————~
¢0 V(B(Xo’g)) B(x,¢)

then ¢ € FMO(xy) .

3. Regular boundaries. First, we recall required
definitions from [12-14]. They say that a domain D is
locally comnected in a point x,e€0D if for any

neighborhood Uof a point X, there exists a

neighborhood VcU of the point x, such that
VNDis connected. It is known that the Jordan
domains are locally connected at each boundary point.

The definitions also say that the boundary of a
domain Dis strongly accessible at a point xy € 0D if
for any neighborhood U of the point x( there exist a
compact set Ec D, a neighborhood VcU of the
point X, and a number & >0 such that

M(A(E,F;D)) =6

for any continuum F in D intersecting U and 0V.

The definitions also say that the boundary 0D is
weakly flat at a point X, € 0D if for any number P >0
and a neighborhood U of the point x there is its
neighborhood V c U such that

M(A(E,F;D)) 2P

for any continuums E and F in D intersecting oU
and OV.

Moreover, the boundary oD is called strongly
accessible and weakly flat if it is such at every its point.
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Proposition 3.1. If 0Dis weakly flat at a point
X € 0D, then 0D is strongly accessible from D at the

point Xg.

Lemma 3.1. If 0D is weakly flat at a point xy €D,

then D is locally connected in X .

Remark 3.1. Finally, we note that all known regular
domains on Riemannian manifolds as smooth,
Lipschitzian, convex, uniform and QED-domains
(quasiextremal distance domains by Gehring-Martio,
see [15]) have weakly flat and, hence, strongly
accessible boundaries, and are locally connected on
their boundaries (see [16]). Thus, the results of the
present work can be applied to all above-mentioned
regular domains.

¢

c*

4. On the boundary behavior of mappings in Wllo

Finally, we present the corresponding results
concerning the boundary behavior of homeomorphisms
with finite distortion of the Orlicz-Sobolev classes

Wllof between domains Dand D« on smooth

Riemannian manifolds (M",g) and (M?,g'), n>3.

Here J(x,f):= lim ¥+(f(BO, D)) a
r—0  V(B(x,1))

L(x,f):= limsupw.

y—X d(x,y)
Moreover, we set K(x,f)= L"(x,f)/J(x,f) if
Jf) 20, Kx,f=1 if L(xf) =0, and

K(x,f) = oo at the rest of points.

Theorem 4.1. Let D be locally connected on the
boundary, let D be compact, and let 0D« be weakly
flat. If £:D— D« is a homeomorphism with finite

of the Orlicz-Sobolev class Wll(;¢

4 under

distortion

condition

1
o) t E
J. |:m:| dt<00, (1)

1
and K(x,f) eL" YD), then ' has a continuous

extension to Dx .

In what follows, we assume that the function
K(x,f) is extended by zero outside of the domain D.

Theorem 4.2. Let D be locally connected at a point
Xg € 0D, let ODx be strongly accessible and let D be
a compact. Then any homeomorphism with finite
distortion f:D— D« of the Orlicz-Sobolev class

W under condition (1) and Kn_l(x,f) e FMO(xy)

loc

is extended at the point x( by continuity on (MQ,g*) .
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Corollary 4.1. Let D be locally connected at a point
Xg € 0D, let 0D« be strongly accessible and let Ds be
a compact. Then any homeomorphism with finite
distortion f:D— D« of the Orlicz-Sobolev class

WY under condition (1) and

loc

- 1

n-1 .
A V(B(xg.2) B(J K odvkI<

XOag)
*
is extended to the point x by continuity on (M¥,g ).

Theorem 4.3. Let D be locally connected on its
boundary, let 0D« be weakly flat, and let D and D«
be compact. Then any homeomorphism f:D — D« of

the Orlicz-Sobolev class Wllof under condition (1) and

Kn_l(x,f)eFMO admits a homeomorphic extension

f:D—>Ds.

Theorem 4.4. Let D be locally connected at a point
Xg €0D, let 0D« be strongly accessible, let Ds be

compact, and let f:D—> D« be a homeomorphism

with finite distortion of the Orlicz-Sobolev class W11(;¢

C
under condition (1). If

S(xp) dr

—_— =00
o Kl o)
supd(x,Xq)is such that
xeD
B(x¢,0(Xq)) is a normal neighborhood of the point
1
n-1
j K" (x,£)dA
S(xg.1)

2

where 0<38(xy) <d(xq) =

Xg and ||Kf||n_1(x0,r):

the £ has the extension to the point Xy by continuity

on (M?,g*). If, additionally, (2) holds for all points

Xg €0D, D is locally connected on its boundary, D
oD« is  weakly flat,

f has

is  compact, and

K(x,f) Ln_l(D), then a homeomorphic

extension f:D — Dx .

Corollary 4.2. Let Dbe locally connected on the
boundary, let 0D« be strongly accessible, let D« be

compact, and let f:D— D« be a homeomorphism

with finite distortion of the Orlicz-Sobolev class Wll(;zj
under condition (1) and
j @ (K" (x,))dv(x) < o 3)
D
for a convex increasing function @ : [0,00] - [O,oo]

such that
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dr
— =00 4)

r(dﬁ‘%r))E
for somed >®@(0). Thent is extended to the point

=38

Xoby continuity. If, additionally, D is locally

connected everywhere on its boundary, D is compact,
and 0D« is weakly flat, then f admits a

homeomorphic extension f:D— Dx.

Remark 4.1. All these results hold, in particular, for
homeomorphisms with finite distortion of the Sobolev

class Wllog for p>n-1, as well as for
homeomorphisms of the class WL with Ky eL]

for gq>n—1. We note also that condition (4) is not

only sufficient but also necessary for the continuous
extension on the boundary of homeomorphisms of the

Sobolev class WL with Ky e L

with the integral conditions (3) on K(x,f) (see the

for g>n—-1 and

example in Lemma 5.1 [17]). See also Remark 3.1
above.
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